This paper studies Yoneda completeness and flat completeness of ordered fuzzy sets valued in the quantale obtained by endowing the unit interval with a continuous triangular norm. Both of these notions are natural extension of directed completeness in order theory to the fuzzy setting. Yoneda completeness requires every forward Cauchy net converges (has a Yoneda limit), while flat completeness requires every flat weight (a counterpart of ideals in partially ordered sets) has a supremum. It is proved that flat completeness implies Yoneda completeness, but, the converse implication holds only in the case that the related triangular norm is either isomorphic to the Lukasiewicz t-norm or to the product t-norm.
Introduction
A partially ordered set P is directed complete if each directed subset of P has a supremum. Directed completeness is of fundamental importance in the theory of partial orders [14] , so, it is tempting to establish a counterpart of this notion in the fuzzy setting. In this introduction, we explain the problems we encounter in this process, summarize briefly what has been done in the literature and what will be done in this paper.
Let Q = (Q, &, 1) be a quantale. There are two kinds of fuzzy orders valued in Q: the first is (Q-valued) fuzzy orders on crisp sets; the second is orders on (Q-valued) fuzzy sets. A crisp set together with a fuzzy order (valued in Q) is, from the point of view of category theory, a category enriched over Q (considered as a one-object monoidal biclosed category), with generalized metric spaces in the sense of Lawvere [32] and fuzzy orders in the sense of Zadeh [49] as prominent examples. A fuzzy set (valued in Q) equipped with an order is a category enriched in the quantaloid D(Q) of diagonals in Q [20, 21, 35, 42] , with sheaves [4, 47] , Ω-posets [7] , and generalized partial metric spaces [21, 27, 33, 35] as prototypes. So, both kinds of fuzzy orders are enriched categories, with the first being over a quantale and the second over a quantaloid. The reader is referred to [42] for a nice introduction to the relationship between fuzzy orders and quantaloid-enriched categories, see also [20, 21, 35] . It should be noted that the category of Q-categories (i.e., crisp sets together with Q-valued orders) can be identified with a full subcategory of D(Q)-categories (i.e., ordered fuzzy sets valued in Q). So, the study of fuzzy orders on crisp sets is a special case of that of orders on fuzzy sets. Fuzzy orders on crisp sets have received wide attention (to name a few, [2, 3, 6, 19, 29, 30, 39, 45, 46, 48] ), but, the general theory of orders on fuzzy sets is still at its beginning steps, many things remain to be unveiled.
Directed completeness of Q-categories (i.e. crisp sets equipped with fuzzy orders) has already received wide attention. The aim of this paper is to investigate directed completeness of ordered 1 fuzzy sets (or, D(Q)-categories) in the case that Q is the unit interval [0, 1] coupled with a continuous t-norm &. These quantales play an important role in fuzzy set theory, for instance, the BL-logic [16] is a logic based on continuous t-norms.
In order to explain what has been done in the literature and what will be done in this paper, we recall two equivalent characterizations of directed completeness first. Let P be a partially ordered set. A subset of P is called an ideal if it is a directed and a lower set. A net {x i } in P is eventually monotone if there is some i such that x j ≤ x k whenever i ≤ j ≤ k. An element y ∈ P is an eventual upper bound of a net {x i } if there is some i such that x j ≤ y whenever i ≤ j. For a partially ordered set P , it is clear that the following are equivalent:
• P is directed complete.
• Each ideal of P has a supremum.
• For each eventually monotone net {x i } in P , there is some x ∈ P such that for all y ∈ P ,
x ≤ y if and only if y is an eventual upper bound of {x i }. Said differently, each eventually monotone net has a least eventual upper bound.
Both the approach of ideals (i.e., each ideal has a supremum) and the approach of nets (i.e., each eventually monotone net has a least eventual upper bound) to directed completeness have been extended to Q-categories. For the approach of nets, forward Cauchy nets (a Q-version of eventually monotone nets) have been introduced, resulting in the notion of Yoneda complete Qcategories (a.k.a. liminf complete Q-categories), see e.g. [6, 12, 15, 26, 31, 44, 46] . For the approach of ideals, certain classes of weights in Q-categories have been proposed as Q-versions of ideals, see e.g. [10, 11, 12, 25, 30, 40, 44, 48] . The approach via ideals is in fact an instance of the theory of Φ-cocompleteness for enriched categories [1, 22, 23] . It should be stressed that the situation with Q-categories is much more complicated than the classic case. To see this, we list two facts here. The first, there lacks a "standard" choice of weights that can be treated as a counterpart of ideals in partially ordered sets. Instead, different classes of weights have been proposed in the literature for different kinds of quantales. For instance, V-ideals for V-continuity spaces [10, 11, 12] , flat weights for generalized metric spaces [44] , etc. The second, though the two approaches are equivalent in the classic case, their relationship is not clear in the fuzzy setting, see e.g. [19, 40] . However, there have been some interesting results in this regard. For instance, for V-continuity spaces, Yoneda completeness is equivalent to that each V-ideal has a supremum [11, 12] ; for generalized metric spaces, Yoneda completeness is equivalent to that each flat weight has a supremum [44] .
In this paper, both approaches to directed completeness will be extended to ordered fuzzy sets in the case that Q is the quantale obtained by endowing the unit interval [0, 1] with a continuous t-norm &. For the approach of ideals, flat completeness, that requires every flat weight has a supremum, is considered; for the approach of nets, Yoneda completeness, that requires every forward Cauchy net has a Yoneda limit, is considered. The focus is on the relationship between flat completeness and Yoneda completeness. It is shown that flat completeness always implies Yoneda completeness, but the converse implication holds only when the t-norm & is either isomorphic to the Lukasiewicz t-norm or to the product t-norm. These results exhibit a deep connection between properties of ordered fuzzy sets and the structure of Q -the table of truth-values.
The contents are arranged as follows. Section 2 recalls some basic ideas about quantales, continuous t-norms, and quantaloids. Section 3 recalls the notion of ordered fuzzy sets valued in a quantale Q, with emphasis on the fact that they are categories enriched over a quantaloid constructed from Q. Section 4 introduces the notions of flat weights and flat completeness for ordered fuzzy sets. These notions make sense for categories enriched in any quantaloid. Section 5 introduces the concepts of forward Cauchy nets and Yoneda completeness for ordered fuzzy sets and presents some of their basic properties. 
Preliminaries: continuous t-norms, quantales, and quantaloids
A quantale Q [37] is a triple (Q, &, 1), where Q is a complete lattice, 1 is an element of Q, and & is a semigroup operation on Q such that a&( b i ) = (a&b i ), ( b i )&a = (b i &a), and 1&a = a = a&1 for all a, b i ∈ Q. The top element and bottom element of Q will be denoted by ⊤ and ⊥ respectively. A homomorphism f :
It is clear that quantales and homomorphisms form a category.
Given a quantale (Q, &, 1) and a ∈ Q, there exist two pairs of adjunctions −&a ⊣ − ւ a and a&− ⊣ a ց −. The binary operations ւ, ց will be called the left and right implications in (Q, &, 1), respectively. For any a, b, c ∈ Q, we have by definition
In this case, we write a → b for both b ւ a and a ց b. A quantale (Q, &, 1) is divisible if for any x, y ∈ Q, x ≤ y implies that a&y = x = y&b for some a, b ∈ Q.
Example 2.1. (1) ( [37] ) A frame is a complete lattice H such that for each a ∈ H, the operation a ∧ − distributes over arbitrary joins. If H is a frame then (H, ∧, 1) is a commutative and divisible quantale. 
In this case, the underlying lattice Q is a frame and the unit 1 must be the top element. 
A continuous t-norm on
completing the proof. 
Lemma 2.7. If & is a continuous t-norm on [0, 1], then for any a ∈ (0, 1] and ε > 0, there exists some δ > 0 such that 
since a is idempotent. Case 2. a is non-idempotent. Let a − , a + be assumed as in the above lemma. Then for any h > 0 with the condition that
is continuous. Therefore, the ternary function
is continuous, hence uniformly continuous. Since a + &z = min{a + , z} = z for all z ≤ a + by virtue of Equation (2.1), it follows that
hence there is some 0 < δ < h such that
There is still another notion that will be needed in this paper, that of quantaloid-enriched categories. A quantaloid is to a quantale what a groupoid is to a group. Precisely, a quantaloid [38] is a category Q such that the set Q(a, b) of the arrows from a to b is a complete lattice for all objects a, b in Q; and that the composition • preserves suprema in both variables, i.e.,
for all α, α j ∈ Q(b, c) and β, β i ∈ Q(a, b). The bottom and top element of Q(a, b) are denoted by ⊥ a,b and ⊤ a,b , respectively; the identity arrow on an object a is denoted by 1 a .
Given a quantaloid Q and Q-arrows α : b −→ c and β : a −→ b, there are two adjunctions
determined by the adjoint property
The right adjoints ւ, ց will be called the left and right implications, respectively. Suppose that Q is a quantaloid. A Q-category 1 [41] A consists of the following data:
• a set A 0 of objects;
• a map t from A 0 to the set Q 0 of objects in Q, which is called the type function;
• an element A(x, y) ∈ Q(tx, ty) for each pair (x, y) in A 0 .
These data are required to satisfy the following conditions:
A quantale is exactly a quantaloid with only one object. Interestingly, given a quantale Q = (Q, &, 1), one can construct a quantaloid D(Q), called the quantaloid of diagonals in Q, 2 as follows:
• objects: elements a, b, c, ..., in Q;
• composition:
• the unit 1 a of D(Q)(a, a) is a;
• the partial order on D(Q)(a, b) is inherited from Q.
It is easy to see that if
, considered as a one-object category, can be treated as a full subcategory of D(Q) by identifying the only object of Q with the object 1 in D(Q). Therefore, Q-categories in the sense of [46] , which are sets endowed with fuzzy orders from the viewpoint of fuzzy set theory, are a special kind of D(Q)-categories.
Ordered fuzzy sets valued in a quantale
Given a quantale Q = (Q, &, 1), following [20, 21, 35, 43] , an ordered fuzzy set valued in Q is defined to be a category enriched over the quantaloid D(Q) of diagonals in Q.
3 Explicitly, Definition 3.1. Let Q = (Q, &, 1) be a quantale. An ordered fuzzy set valued in Q consists of the following data:
• a (Q-valued) fuzzy set (A 0 , t), i.e., a set A 0 and a membership function t : A 0 −→ Q;
• an element A(x, y) ∈ D(Q)(tx, ty) for any pair (x, y) of elements in A 0 , measuring the degree that x precedes y.
These data are required to satisfy the following conditions: for all x, y, z ∈ A 0 ,
The conditions (1) and (2) express respectively reflexivity and transitivity. Following the terminologies of quantaloid-enriched categories, the membership function t will also be called the type function, and tx the type (instead of membership degree) of x. We often write A, instead of (A 0 , t, A), for an ordered fuzzy set.
The following examples provide us two important kinds of ordered fuzzy sets.
-category is essentially a pair (X, p), where, X is a set and p : X × X −→ [0, +∞] is a map such that for all x, y, z ∈ X,
Here we take by convention that ∞ − ∞ = 0. These enriched categories are called generalized partial metric spaces in [35] because they extend the notion of partial metric spaces in [27, 33] .
Example 3.3. Let H be a frame. Then Ω = (H, ∧, 1) is a divisible quantale, a D(Ω)-category is exactly an Ω-poset in the sense of [7] . Precisely, a D(Ω)-category is a set A 0 together with a map
Moreover, Cauchy complete and symmetric D(Ω)-categories are exactly the sheaves on H [4, 47] .
Let Q = (Q, &, 1) be a quantale. An element x in an ordered Q-fuzzy set A is global if tx = A(x, x) ≥ 1. An ordered Q-fuzzy set A is global if all of its elements are global. It is clear that if Q is integral, i.e., the unit 1 of Q is the top element, then Q-categories in the sense of [46] are precisely those global D(Q)-categories.
In the rest of this paper, we are mainly concerned with ordered fuzzy sets valued in the quantale obtained by endowing the interval [0, 1] with a continuous t-norm, so, we write down the details of such ordered fuzzy sets (in a slightly different way) for later use.
Let & be a continuous t-norm on [0, 1]. An order on a fuzzy set (A 0 , t) (valued in the quantale
It is easily inferred from (i) and (ii) that tx = A(x, x) for all x ∈ A 0 .
Flat and Cauchy completeness
Flat and Cauchy completeness make sense for any quantaloid-enriched category. To state the definition, we need some preparations.
In this section, Q always denotes a quantaloid unless otherwise specified. A Q-distributor φ : A−→ • B between Q-categories is a map φ from A 0 × B 0 to the set of morphisms in Q subject to the following conditions:
Q-categories and distributors constitute a category Q-Dist, it is moreover a quantaloid [41] . In particular, Q-Dist(A, B) (under pointwise order inherited from Q) is a complete lattice for any Q-categories A and B. 
In this case, ψ is called a left adjoint of φ and φ a right adjoint of ψ.
For each object a of a quantaloid Q, write * a for the Q-category with exactly one object, say * , such that t * = a and hom( * , * ) = 1 a . It is clear that Q-Dist( * a , * b ) is essentially the complete lattice Q(a, b), so we won't distinguish Q(a, b) and Q-Dist( * a , * b ) in the sequel.
A weight (or, a presheaf) with type tφ on a Q-category A is a Q-distributor φ : A−→ • * tφ . For a weight φ : A−→ • * tφ , we often write φ(x) instead of φ(x, * ) for short. All weights on A form a Q-category PA with
For each object x in a Q-category A, there is a distributor y(x) : A−→ • * tx given by y(x)(y) = A(y, x).
Dually, a coweight (or, a co-presheaf) with type tψ on A is a distributor ψ : * tψ −→ • A. 
and
Hence, a weight φ : A−→ • * a is flat if and only if 
Yoneda completeness and bicompleteness
Cauchy completeness and flat completeness make sense for categories enriched in any quantaloid. In this section, we introduce two kinds of completeness, Yoneda completeness and bicompleteness, that make sense for categories enriched in quantaloids of the form D(Q) with Q = (Q, &, 1) being a quantale.
Yoneda completeness (a.k.a. liminf completeness), based on the notion of forward Cauchy nets, was introduced in [6, 45, 46] as an extension of directed completeness in the realm of quantaleenriched categories (i.e., sets with fuzzy orders). Yoneda complete generalized metric spaces (i.e., categories enriched over Lawvere's quantale ([0, ∞] op , +, 0)) have been studied extensively in the literature, see e.g. [6, 15, 26, 44] . It is hard to extend this notion to categories enriched over an arbitrary quantaloid. But, as we shall see, for each quantale Q = (Q, &, 1), there does exist a natural way to postulate forward Cauchy nets, hence Yoneda completeness, in D(Q)-categories (i.e., ordered fuzzy sets).
Recall that a net
In this case, a is called the order-limit of {a λ }. It is known that the order convergence in a completely distributive lattice coincides with that determined by its interval topology ( [9] , Corollary 10).
Definition 5.1. Let {x λ } λ∈Λ be a net in a D(Q)-category A.
(1) {x λ } λ∈Λ has a type if the net {A(x λ , x λ )} λ∈Λ in Q is order convergent, i.e.,
The order-limit of {A(x λ , x λ )} λ∈Λ is called the type of the net {x λ } λ∈Λ . 9
For a net {x λ } λ∈Λ in a D(Q)-category A, one always has that
it follows that a biCauchy net is forward Cauchy and a forward Cauchy net has a type. In particular, if {x λ } is forward Cauchy, then
(1) If the underlying complete lattice Q of the quantale Q is completely distributive, then the order convergence coincides with the convergence of the interval topology on Q (see [9] , Corollary 10), hence a net {x λ } in a D(Q)-category A is forward Cauchy (biCauchy, resp.) if and only if the net {A(x λ , x µ ) | (λ, µ) ∈ Λ × Λ, λ ≤ µ} ({A(x λ , x µ ) | (λ, µ) ∈ Λ × Λ}, resp.) converges with respect to the interval topology on Q. In particular, if Q = [0, 1], then a net {x λ } in a D(Q)-category A is forward Cauchy (biCauchy, resp.) if and only if the limit lim ν≥µ A(x µ , x ν ) (lim ν,µ A(x µ , x ν ), resp.) exists (with respect to the standard topology).
(2) A net {x λ } λ∈Λ in a D(Q)-category A is backward Cauchy if the net {A(x λ , x µ ) | (λ, µ) ∈ Λ× Λ, λ ≥ µ} is order convergent. It is clear that a biCauchy net is both forward and backward Cauchy. Conversely, if the order convergence on Q is topological, then a both forward and backward Cauchy net is biCauchy. So, it can be said that biCauchy is a "symmetric" version of forward Cauchy. So, for an integral quantale Q, the notion of forward Cauchy nets in D(Q)-categories extends that in Q-categories in the sense of [12, 19, 46] ; the notion of biCauchy nets in D(Q)-categories extends that of Cauchy nets in Q-categories in the sense of [18, 19, 26] . (1) x is a Yoneda limit of {x λ } if
It is clear that if a net {x λ } has a type and if x is a Yoneda limit or a bilimit of {x λ }, then A(x, x) is the type of the net {x λ }. Proof. Necessity. By definition, we only need check that A(x, x) = λ σ≥λ A(x, x σ ). Since A(x, x σ ) ≤ A(x, x) for all x σ , the inequality λ σ≥λ A(x, x σ ) ≤ A(x, x) is trivial. Conversely,
Sufficiency. It suffices to check that A(x, y) = λ σ≥λ A(x σ , y) for all y ∈ A 0 . We divide the proof into two cases. A(x σ , x σ ) = A(x, x), hence A(x, y) = λ σ≥λ A(x σ , y) = 0. Case 2. A(x, x) > 0. Let us be given an ε > 0. By Lemma 2.7, there is some δ > 0 such that
there exists σ 0 such that
For each λ, let σ be an upper bound of λ and σ 0 , then
by arbitrariness of ε. Therefore,
The converse inequality is easy since
This completes the proof.
In the rest of this section, we show that the Yoneda limit of a forward Cauchy net in a D(Q)-category A can be equivalently described as the supremum of a certain weight on A in the case Q is the interval [0, 1] coupled with a continuous t-norm &. This fact is of crucial importance in the study of the relationship between flat completeness and Yoneda completeness.
Let Q be a divisible quantale, A be a D(Q)-category, and {x λ } be a net in A. It is easy to check that the correspondence x → λ µ≥λ A(x, x µ ) defines a weight φ : A−→ • * tφ on A with tφ = λ µ≥λ A(x µ , x µ ), called the weight generated by {x λ }. Dually, the correspondence
defines a coweight ψ : * tψ −→ • A on A with tψ = λ µ≥λ A(x µ , x µ ), called the coweight generated by {x λ }. The definition of Yoneda limit can then be rephrased as follows: a ∈ A 0 is a Yoneda limit of a net {x λ } in a D(Q)-category A if A(a, a) = λ σ≥λ A(x σ , x σ ) and ψ(y) = A(a, y) for all y ∈ A 0 , where ψ is the coweight on A generated by {x λ }. We shall see that a is a Yoneda limit of a forward Cauchy net {x λ } if and only if a is a supremum of the weight φ generated by {x λ }. Proof. Let a = tφ = tψ = λ µ≥λ A(x µ , x µ ). We must show that
. So, it suffices to show that for any ε > 0, there is some σ such that
for all µ ≥ σ. We continue the proof by distinguishing two cases. Case 1. a is idempotent. In this case, we show that for any µ,
If A(x µ , x µ ) > a, we proceed with two subcases.
where, the last equality follows from Equation (2.2) and that A(x µ , y) < a < A(
Case 2. a is non-idempotent. Let a − denote the biggest idempotent element of & that is smaller than a and a + the least idempotent element of & that is bigger than a. For any ε > 0 with [a − ε, a + ε] ⊂ (a − , a + ), by virtue of Lemma 2.7, the function
is uniformly continuous, there exists some δ ∈ (0, ε) such that
We claim that σ satisfies the requirement, i.e.,
Without loss of generality, we suppose that
where, the second ≤ holds because of the inequality (5.3). The proof is completed.
Theorem 5.9. Let Q be the interval [0, 1] coupled with a continuous t-norm &. If a weight φ on a D(Q)-category A is generated by a forward Cauchy net {x λ } in A, then an element a ∈ A 0 is a supremum of φ if and only if it is a Yoneda limit of {x λ }.
Proof. Sufficiency. We show that if a is a Yoneda limit of {x λ } then a is a supremum of φ. That is, A(a, y) = PA(φ, y(y)) for all y ∈ A 0 . Let ψ = λ µ≥λ A(x µ , −) be the coweight on A generated by {x λ }. By definition of Yoneda limit, it holds that
and that A(a, y) = ψ(y) for all y ∈ A 0 . It follows from Lemma 5.8 that A(a, y) ≤ PA(φ, y(y)) for all y ∈ A 0 , so, it remains to check that PA(φ, y(y)) ≤ A(a, y) for all y ∈ A 0 . The inequality PA(φ, y(y)) ≤ A(a, y) is trivial if A(a, y) = A(a, a), since PA(φ, y(y)) ≤ tφ = A(a, a). Now suppose that A(a, a) > A(a, y). For any 0 < ε < A(a, a) − A(a, y), let ε 0 = ε 2 . By Lemma 2.5, there exists some 0 < δ ≤ ε 2 such that
By virtue of Equation (5.1), we have
Thus, there is some λ 0 such that A(x µ , x ν ) > A(a, a) − δ whenever ν ≥ µ ≥ λ 0 . In particular,
there must be some σ 0 ≥ λ 0 such that A(x σ0 , y) < A(a, y) + δ. Therefore,
Consequently, PA(φ, y(y)) ≤ A(a, y) by arbitrariness of ε. Necessity. Suppose a ∈ A 0 is a supremum of φ. We show that a is a Yoneda limit of {x λ }. Since a is a supremum of φ, one has that
Thus, it suffices to show that A(a, y) = ψ(y) = λ µ≥λ A(x µ , y) for all y ∈ A 0 .
Since PA(φ, y(y)) = A(a, y), the inequality A(a, y) ≥ ψ(y) follows immediately from Lemma 5.8. It remains to check that A(a, y) ≤ ψ(y). The inequality is trivial if ψ(y) = A(a, a). Suppose that ψ(y) < A(a, a). Given 0 < ε < A(a, a) − ψ(y), let ε 0 = ε 2 . By Lemma 2.5, there is some
so, A(a, y) ≤ ψ(y) by arbitrariness of ε.
Corollary 5.10. Let Q be the interval [0, 1] coupled with a continuous t-norm &. If {x λ } is a biCauchy net in A and φ is the weight generated by {x λ }, then an element a ∈ A 0 is a supremum of φ if and only if it is a bilimit of {x λ }.
Proof. Since biCauchy nets are always forward Cauchy, the conclusion follows immediately from Proposition 5.7 and Theorem 5.9.
Flat completeness implies Yoneda completeness
A weight φ : A−→ • * tφ on a D(Q)-category A is forward Cauchy (biCauchy, resp.) if it can be generated by a forward Cauchy (biCauchy, resp.) net in A, i.e., there is a forward Cauchy (biCauchy, resp.) net {x λ } in A such that φ = λ µ≥λ A(−, x µ ) and tφ = λ µ≥λ A(x µ , x µ ). 
preserves finite meets.
We'll prove the conclusion in two steps. First of all, for any ε > 0, by virtue of Lemma 2.7, there exists some δ > 0 such that
for any c ≤ tφ. Since {x λ } is forward Cauchy, it follows that there is some σ 0 such that |A(x µ , x ν )− tφ| < δ whenever σ 0 ≤ µ ≤ ν, hence
Step
so, the inequality φ • (b ∧ t) ≥ tφ ∧ b follows by arbitrariness of ε.
Step 2. φ • − preserves binary meets. That is, φ
Since φ = λ µ≥λ A(−, x µ ), one has
For each λ, let σ be an upper bound of σ 0 and λ. Then φ(x σ ) ≥ tφ − δ, and
The converse inequality is obvious, hence the conclusion follows. If a = 0, then φ is the trivial weight on A, hence Cauchy. It remains to show that φ is Cauchy in the case a > 0. Indeed, we claim that the coweight (generated by {x λ })
is a left adjoint of φ. That is, φ • ψ ≥ a and ψ • φ ≤ A. The inequality ψ • φ ≤ A is proved in Lemma 5.8. Now we check that φ • ψ ≥ a.
For any ε > 0, by Lemma 2.7, there exists δ > 0 such that for any c ≤ a,
Since {x λ } is biCauchy, for that δ, there exists some σ 0 such that |A(x µ , x ν ) − a| < δ whenever ν, µ ≥ σ 0 , hence
hence φ • ψ ≥ a by arbitrariness of ε.
The above theorem shows that each biCauchy weight on a D(Q)-category is Cauchy. But, the converse conclusion does not hold in general, as shall be seen in Theorem 7.1.
When does Yoneda completeness imply flat completeness?
The result in this section shows that Yoneda completeness does not imply flat completeness in general. Precisely, it is shown that if Q is the unit interval coupled with a continuous t-norm &, then that Yoneda completeness implies flat completeness happens only in the case that & is either isomorphic to the Lukasiewicz t-norm or to the product t-norm. op , +, 0) are exactly generalized partial metric spaces (Example 3.2), it suffices to show that each non-trivial flat (Cauchy, resp.) weight on any generalized partial metric space is forward Cauchy (biCauchy, resp.). This will be done in the following 7.4 and 7.5.
To avoid unnecessary notations, we simply write X for a generalized partial metric space (X, p) and write X(x, y) for p(x, y). A weight φ : X−→ • * tφ (of type tφ) on a generalized partial metric space X is, by definition, a map φ : X −→ [0, ∞] such that X(x, y) + (φ(y) − X(y, y)) ≥ φ(x) and φ(x) ≥ max{X(x, x), tφ} for all x, y ∈ X. Dually, a coweight ψ :
for all x, y ∈ X.
For a weight φ and a coweight ψ on a generalized partial metric space X, we have
agreeing again that ∞ − ∞ = 0.
Lemma 7.3. Let {x λ } be a net in a generalized partial metric space X. If
then {x λ } is forward Cauchy.
Proof. By Remark 5.2(1), it suffices to show that the limit lim ν≥µ X(x µ , x ν ) exists (∞ is allowed). If there exists some λ such that X(x µ , x µ ) = ∞ for all µ ≥ λ, then it is trivial that lim ν≥µ X(x µ , x ν ) = ∞. Now, suppose that for all λ, there exists some µ ≥ λ such that X(x µ , x µ ) < ∞. We prove, in this case, that the limit lim ν≥µ X(x µ , x ν ) exists in three steps.
Step 1. The net {X(x µ , x µ )} is eventually bounded. Since
there exists some λ such that X(x λ , x λ ) < ∞ and that
a contradiction.
Step 2. The limit lim λ X(x λ , x λ ) exists. Otherwise, {X(x λ , x λ )} would have two cluster points, say, A and B. Suppose that A < B and let ε =
that there exists some λ 0 such that X(x µ , x ν )−X(x µ , x µ ) < ε whenever ν ≥ µ ≥ λ 0 . Because A, B are cluster points of {X(x λ , x λ )}, there exist some ν 0 , µ 0 such that ν 0 ≥ µ 0 ≥ λ 0 , |X(x µ0 , x µ0 ) − A| < ε and |X(x ν0 , x ν0 ) − B| < ε. Then X(x ν0 , x ν0 ) − X(x µ0 , x µ0 ) ≥ ε, a contradiction to that X(x ν0 , x ν0 ) − X(x µ0 , x µ0 ) ≤ X(x µ0 , x ν0 ) − X(x µ0 , x µ0 ) < ε.
Step 3. The limit lim ν≥µ X(x µ , x ν ) exists. Let A = lim λ X(x λ , x λ ). Then
Proposition 7.4. Let φ be a non-trivial weight on a generalized partial metric space X. The following are equivalent:
(1) φ is flat. (2) φ satisfies the following conditions:
, then there exist some y ∈ X and ε > 0 such that φ(y) < X(y, y) + ε and X(x i , y) + ε < X(x i , x i ) + δ i (i = 1, 2). Since φ is non-trivial, one has tφ < ∞. Applying the above equality to b = tφ gives that inf φ(x)<∞ φ(x) − X(x, x) + max{tφ, X(x, x)} = tφ. This proves (a). Now we prove (b). Let λ 1 = δ 2 − X(x 1 , x 1 ) and λ 2 = δ 1 − X(x 2 , x 2 ), and let k be a positive real number such that λ i + k > 0. Then max{λ 1 + k + φ(x 1 ), λ 2 + k + φ(x 2 )} < δ 1 + δ 2 + k.
Consider the coweights ψ 1 , ψ 2 : * 0 −→ • X on X (of type 0) given by ψ 1 (y) = λ 1 + k + X(x 1 , y), ψ 2 (y) = λ 2 + k + X(x 2 , y) for all y ∈ X. Let ψ 1 ∧ ψ 2 be the meet of ψ 1 and ψ 2 in the complete lattice of all distributors * 0 −→ • X. Since φ is flat, it follows that inf x (max{ψ 1 (x), ψ 2 (x)} + (φ(x) − X(x, x))) Thus, there is some y ∈ X such that λ i + k + X(x i , y) + φ(y) − X(y, y) < δ 1 + δ 2 + k, hence X(x i , y) − X(x i , x i ) + φ(y) − X(y, y) < δ i .
Find some α i , β i > 0 (i = 1, 2) such that X(x i , y) − X(x i , x i ) < α i , φ(y) − X(y, y) < β i , and that α i + β i ≤ δ i . Let ε = min{β 1 , β 2 }. Then φ(y) < X(y, y) + ε and X(x i , y) + ε < X(x i , x i ) + δ i as desired. (φ(x) − X(x, x)) = 0, for each ε > 0 there exists some x such that φ(x) < X(x, x) + ε.
Consider the set D = {(x λ , r λ ) | φ(x λ ) < X(x λ , x λ ) + r λ }.
Define a binary relation ⊑ on D by (x µ , r µ ) ⊑ (x ν , r ν ) ⇐⇒ X(x µ , x ν ) + r ν ≤ X(x µ , x µ ) + r µ for all (x µ , r µ ), (x ν , r ν ) ∈ D. In particular, if (x µ , r µ ) ⊑ (x ν , r ν ) then r ν ≤ r µ . It is easily seen that (D, ⊑) is a directed set. We shall show that the net
is forward Cauchy and generates φ. Thus, there exist 0 < ε < a and λ 0 such that x σ > a − ε whenever σ ≥ λ 0 . Therefore, for each x ∈ (0, a − ε), one has φ(x) = λ σ≥λ
A(x, x σ ) = 1, a contradiction to that φ(x) = a.
Concluding remarks
Let Q be the interval [0, 1] coupled with a continuous t-norm &. In this paper we considered four kinds of completeness for ordered fuzzy sets valued in Q: Yoneda completeness, bicompleteness, flat completeness, and Cauchy completeness. Both Yoneda completeness and flat completeness are natural extensions of directed completeness of partially ordered sets; bicompleteness and Cauchy completeness are weak (or, "symmetric") version of Yoneda completeness and flat completeness, respectively. This paper is concerned with the relationship among these kinds of completeness. The main results are:
(1) Flat completeness is stronger than the other three; bicompleteness is weaker than the other three.
Cauchy complete bicomplete / / flat complete Cauchy complete flat complete Yoneda complete / / Yoneda complete bicomplete (2) All Yoneda complete (bicomplete, resp.) ordered fuzzy sets with an isolated element are flat (Cauchy, resp.) complete if and only if the continuous t-norm & is either isomorphic to the Lukasiewicz t-norm or to the product t-norm.
The results provide an example of an interesting phenomenon in fuzzy set theory: the properties of mathematical structures (here, ordered fuzzy sets) interact with the properties of the table of truth-values. This interaction has no counterpart in classic mathematics, so, the study of this interaction is very likely to be an important topic in fuzzy set theory. More examples in this regard can be found in [8, 28] (fuzzy topology) and [31] (fuzzy order).
Though the results presented here are proved only in the case that the quantale Q is the interval [0, 1] coupled with a continuous t-norm &, the notions introduced here make sense for any quantale. So, a question arises: We would like to note that if Q = (Q, &, 1) is a frame, i.e. & = ∧, then it is not hard to check that all forward Cauchy (biCauchy, resp.) weights on any D(Q)-category are flat (Cauchy, resp.), but, we do not know whether Theorem 5.9 still holds in this case.
